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Abstract 

The probabilistic structure of quantum mechanics is investigated 
in the frequency framework. By using rather complicated frequency 
calculations we reproduce the EPR-Bohm correlation function which 
is typically derived by using the calculus of probabilities in a Hilbert 
space. Our frequency probabilistic model of the EPR-Bohm experi- 
ment is a realist model - physical observables are considered as objec- 
tive properties of physical systems. It is also local - a measurement 
over one part of a composite system does not disturb another part 
of this system. Nevertheless, our result does not contradict to the 
well known Bell's "NO-GO" theorem. J. Bell used the conventional 
(Kolmogorov) measure-theoretical approach. We use the frequency 
approach. In the latter approach there are no reasons to assume that 
the simultaneous probability distribution exists: corresponding fre- 
qüències may fluctuate and not approach any definite limit (which 
Bell would like to use as the probability). The frequency probabilis- 
tic derivation demonstrated that incompatibility of observables under 
consideration plays the crucial role in producing of the EPR-Bohm 
correlations. 
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1 Introduction 



Since first years of quantum theory, unusual behaviour of probabilities in 
experiments with quantum systems attracted attention of physicists, math- 
ematicians and even philosophers, see, e.g., [1]-[12] (see A. Holevo [11] for 
the recent reanalyzing of the statistical structure of quantum theory). The 
central problem was a rather strange (unconventional) behaviour of proba- 
bilities in the two slit experiment and other superposition-type experiments. 1 
The conventional rule for addition of probabilities of alternatives: 



does not work in experiments with elementary partides. Instead of this rule, 
we have to use quantum rule: 



This rule could be easily derived by using the method of Hilbert space. How- 
ever, there is a rather common viewpoint that this rule could not be obtained 
in the conventional probabilistic framework. Typically it is said that quan- 
tum randomness is írreducible - in the opposite to classical randomness that 
can be (at least in principle) reduced to randomness of initial conditions and 
perturbations, see e.g. A. Zeilinger [14] for an extended discussion. 2 

Such a viewpoint to quantum randomness was strongly supported by 
investigations on the EPR-Bohm correlations. The crucial step was done 
by J. Bell [15] who by proving his inequality demonstrated that quantum 
correlations could not be reduced to (local) classical correlations. 

In [12] I performed the careful analysis of Standard considerations on 
quantum probabilities. This analysis demonstrated that the main source 
of many quantum misunderstandings is vague manipulation with quantum 
probabilities. Typically physicists (including J. Bell and many others in- 
vestigating the EPR-Bohm experiment) as well as mathematicians operate 
with the symbol P of an abstract probability measure. This symbol has no 
direct relation to a concrete experimental situation. However, already N. 
Bohr pointed out that in quantum theory the whole experimental arrange- 
ment should be taken into account. Unfortunately N. Bohr was concentrated 

^^According to Feynman et al. [13] this is "... a phenomenon which is impossible, 
absolutely impossible, to cxplain in any classical way, and which has in it the heart of 
quantum mcchanics. It really contains the only mystery." 

2 However, compare with, e.g., A. Holevo [11]. 



P = P 1 +P 2 



(1) 



P = P 1 + P 2 + 2>/p[P 2 cos9. 



(2) 
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merely on dependence of individual quantum events on experimental con- 
ditions. In particular, the fundamental notion of Bohr's experimentalism is 
the notion of phenomenon, [16], [17]. Here a phenomenon is an individual 
event which is determined by the interaction of a quantum system with a 
measurement apparatus. He discussed the two slit experiment. Here a dot 
on the registration screen when both slits are open is one phenomenon. A 
dot when just one slit is open is another phenomenon. 

Of course, the introduction of the notion of phenomenon was of the great- 
est importance. However, quantum theory does not provide any description 
of individual events. This is a statistícal theory. Therefore it was essen- 
tially more important to underline from the very beginning that quantum 
probabilities (and not only the results of individual measurements) depend 
on complexes of experimental physical conditions. Unfortunately it was not 
done neither by N. Bohr nor by any of his successors. In particular, this 
induced a rather mystical viewpoint to quantum probabilities as totally dif- 
ferent from conventional (classical) probabilities. 

Starting with the (more or less) evident fact that in general probabilities 
should depend on complexes of experimental physical conditions - contexts 
- I developed [18] a contextual approach to quantum probabilities. It was 
demonstrated that the quantum interference rule (J2J) can be easily derived in 
the contextual probabilistic framework. 3 

In the present paper I present a contextual (frequency) probabilistic 
derivation of expressions coinciding with the EPR-Bohm correlation func- 
tions. It is demonstrated that (in the opposite to a rather common opinion) 
those correlations can be obtained in the local realist (but contextual) ap- 
proach if we carefully combine probabilities corresponding to different phys- 
ical contexts. 

Our contextual derivation of the EPR-Bohm covariations does not contra- 
dict to Bell's arguments and their generalizations, see e.g. [21]. The original 
Bell arguments were based on calculations with an abstract (context inde- 
pendent) probability distribution P on the space of hidden variables. Such 
calculations are impossible in our contextual probabilistic framework. An- 
other way to obtain Bell's type inequalities is to use counterfactuals, see, 
e.g., [21]. This way is also closed in the contextual probabilistic framework. 

3 My investigations were not the first contextual investigations on quantum probabili- 
ties, see, e.g., L. Accardi [19] - camelion effect (and the corresponding applications to the 
EPR-experiment), or S. Gudder [20] - the theory of probability manifolds. 
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As in our previous papers [18], we use the frequency contextual proba- 
bilistic framework. Probabilities are defined as limits of freqüències in long 
runs of experiments. Such frequency probabilities directly depend on exper- 
imental physical conditions. 

Our frequency framework is contextual and it is fundamentally different 
from the frequency framework which was used by many authors, see, e.g. 
Stapp and Eberhard [21], to derive Bell's inequality. Stapp-like framework 
is noncontextual. In particular, people freely operated with counterfactual 
statistical data. The critical analysis of the use of counterfactual data in the 
EPR-Bohm model was performed by W. De Baere [22] who demonstrated 
that there was no physical justification of the use of counterfactuals. 

2 Contextual frequency viewpoint to statisti- 
cal me as ure ments over composite systems. 

Let us consider a preparation procedure 8 that produces a statistical ensem- 
ble S of physical (or biological, or social) systems, u 6 S. We suppose that 
each element u G S has two properties a and b represented by dichotomous 
variables a(u) = ai or a 2 and b(u) = b\ or 6 2 . We suppose that each of 
properties a and b is observable: vàlues a(u) and b(u) can be measured by 
some measurement procedures M. a and respectively. 

Remark 2.1. (Realism) We use the realists approach to physical 
observables. They are considered as properties of an object (physical sys- 
tem). In the mathematical framework this means that vàlues of physical 
observables can be represented as functions 



of a parameter u describing a physical system. Such a mathematical model 
can be called functional realists model. From the very beginning it is im- 
portant to underline the fundamental difference between this mathematical 
model and the model which was proposed by J. Bell (and widely used in the 
EPR-Bohm framework). Bell's model can be called measure-theoretical real- 
ists model. In Bell's model it is also supposed that physical observables can 
be represented in the functional form (jïïj). But it is not the end of the story. 
The second Bell's fundamental assumption is that there exists a probability 
measure P on the space of parameters u such that all physical observables 




(3) 
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can be mathematically represented as random variables on one fixed (Kol- 
mogorov) probability space. So Bell's realism is essentially stronger than our 
functional realism. We shall see that in our "weak-realists" model we can 
reproduce quantum mechanical expressions for the EPR-Bohm correlations. 
By Bell's theorem it is impossible in his "strong-realists" model. 

In general we could not perform the measurement of the a-observable 
without to disturb the system uj. Mathematically such a disturbance can 
be described by some transformation uj — > uj of a probability space. In 
general, for another observable b, the probability distribution of b(cu) could 
differ from the probability distribution of b(uj). 4 The same is vàlid for the 
6-measurement: it also disturbs the system cu, cu — > uj. In general the a and 
b properties cannot be measured simultaneously. We cannot create such a 
measurement device M. a b that will give us the pair (a(u>), b(cu)) for the fixed 
element (e.g. a physical system) uj G S. 

Let us now consider two preparation procedures, £ and £'. They produce 
statistical ensembles, S and S' of physical (or biological, or social) systems, 
uj G S and uj' G S' . Elements of S and S' have properties a(üü),b(üü) and 
a'(uj'), b'(uj'), respectively. For elements uj (respectively, uj'), there are well 
defined two dichotomous observables and b — 61,62 (respectively, 

a' = a[, a' 2 and b' = b[, b' 2 ). However, in general a(u) and b(u) (or a'{uj') and 
b'(u)')) cannot be measured simultaneously for fixed uj G S (or uj' G S'), see 
above considerations. 

We shall use following statistical ensembles: 

Ensembles S a (k), S' a ,(l) which are obtained from the ensembles S and 
S', respectively, by using selective procedures (filters) with respect to vàlues 
a = ük and a' = a' t , respectively. We remark that the probability distributions 
of b and b' for measurements performed over elements of ensembles S a (k) 
and S' a ,(l) can essentially differ from distributions for corresponding sub- 
ensembles of ensembles S and S' : 

So-Ak) = {ooeS: a{uj) = a k }, and S' . a (l) = {uj' G S' : a'{uj') = a' k }. 

According to W. Heisenberg in general the selections a = a k and a! = a[ can 
essentially change probability distributions of other observables (e.g., b and 

4 Thus we continue by using Hciscnbcrg's viewpoint that mutual perturbations should be 
taken into account in theory of measurement. W. Heisenberg discussed this problem in the 
context of quantum measurements. However, there are no reasons that such disturbance 
effects could be important only in experiments with quantum systems. 
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b'). Probability distributions of the b and b' for the "hidden sub-ensembles" 
So-,a(k), S' Q (l) can essentially differ from probability distributions for the 
selected ensembles S a (k), S' a (l). 

Remark 2.2. (Bohr's complementarity and Heisenberg's uncertainty) It 
is well known that N. Bohr proposed the principle of complementarity on the 
basis of intensive discussions with W. Heisenberg, see, e.g., [2]. The deriva- 
tion of uncertainty relations by W. Heisenberg was of the great importance 
for N. Bohr. It may be less known that (at least from the beginning) views 
of N. Bohr and W. Heisenberg were essentially different . Heisenberg's un- 
certainty principle says that a measurement of, e.g., the position q causes an 
uncontrollable disturbance of the momentum p and vice versa. Bohr's com- 
plementarity principle says that it is totally meaningless even consider the 
momentum p in the experimental arrangement for a g-measurement. From 
Bohr's viewpoint, in this paper we are doing totally forbidden things. How- 
ever, from Heisenberg's viewpoint, our considerations look quite natural. 

For a finite set O, the number of elements in O is denoted by the symbol 
\0\. We set 

n a (k) = \S a (k)\,n a ,(l) = \S' a ,(l)\. 
We shall also use numbers: 

n b/a (i/k) = n b (i; S a (k)) = \{u e S a (k) : b(u) = h}\, 

n v/al {j/l) = n b ,{j- S'Al)) = \W e S'M) ■ & V) = &;}| , 

that are numbers of elements in the ensembles S a (k) and S' a ,(l), respectively, 
for that b = bi and b' = bj, respectively. We now introduce following relative 
freqüències with respect to different ensembles: 

/•/;\_ /• c n \\ n &(^ Sa{k)) 

Vb/aV/k) = is b (i; S a (k)) = — , 

n a {K) 

the frequency to get b = bi in the ensemble S a (k). This frequency can be called 
the conditional frequency of b = bi under the condition a = a^. However, 
we prefer to call it the contextual frequency to distinguish conditioning 
with respect to a context (given by a new ensemble S a (k)) and conventional 
conditioning (used, e.g., in the Kolmogorov measure-theoretical model) based 
on Bayes' formula for the conditional probability. The conventional approach 
to conditioning is not contextual. In the conventional approach we should fix 
from the beginning one single Kolmogorov probability measure P and then 
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operate with conditional probabilities with respect to this fixed measure. In 
the convent ional approach: 

P(6 = bi/a = a k ) = P(6 = b h a = a k )/P(a = a k ). 

In the same way we define the contextual frequency for a' and b', uy / a > (j/0 = 

In the case when we should underline ensemble dependence (i.e., context 
dependence) of freqüències we will use the symbols u b (i; S a (k)), vv{j\ S' a ,{l)) 
and so on. In technical calculations we will omit ensemble dependence and 
use symbols Vb/a(i/k),i'b'/a'(j/l) an d so on. 

Suppose that there exists a preparation procedure G which produces pairs 
w = (uj,üü') of systems, composite systems, such that for each fixed uj' obser- 
vations over ui produce the same statistics as observations over uj G S and 
vice versa. The G produces a statistical ensemble S of pairs w = {üj,uj'). 5 

In particular, we can choose as a G some preparation procedure which 
is used for preparation of the EPR-pairs in the EPR-Bohm experi- 
ment. However, at the moment we consider a more general framework. 

We consider following properties of elements of S : sl(w) = (a(uj), a'(u/)) 
and b(w) = (b(uj),b'(uj')). We shall use following sub-ensembles of S : 

So-a(kl) = {w = (üü,cü') G S : a{uj) = a kl a'(uj r ) = a[} . 

We suppose that properties a = (a, a!) and b = (ò, b') are observable: for any 
w = (oü,oü') G S, we can measure both a(u) and a'{uj') (or b(u) and b'(u')). 
Thus a measurement over the part uj of the system w does not disturb the 
part uj' of the system w and vice versa. In particular, such a situation we 
have in the EPR experiment for correlated quantum partides. In the EPR 
experiment we can escape mutual disturbances by using spatial separation 
of the parts uj and uj' of the composite system w = (uj,uj'). 6 

We shall also use the statistical ensembles S a (kl) that are obtained from 
the ensemble S by using selective procedures (filters) with respect to vàlues 
a = (a = a k ,a' = a\). We remark that the distributions of b for elements 

5 So the restriction to the preparation procedure G is that marginal distributions with 
respect to u> and u/ systems coincide with distributions with respect to ensembles S and 
S' produced by preparation procedures £ and £'. 

6 However, spatial separation is only the sufficicnt condition under that the a and b are 
observable. In general spatial separation need not be involvcd in our considcrations (at 
least for macroscopic systems). 
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of the ensemble So- a (kl) and the ensemble S a (kl) can differ essentially. The 
preparation of the later ensemble disturbs composite systems. Nevertheless, 
we can assume that (at least for large ensembles) 

n° a (kl) = \S . a (kl)\ = \S a (kl)\ = n a (kl), (4) 

since we create the ensemble S a (kl) by selecting from the ensemble S elements 
belonging to the ensemble S . a (kl). In our present model the only disturbing 
feature of this procedure is the change of the b-distribution. 7 

In the same way we introduce ensembles Sb(ij) and numbers n b (ij). 
Finally, we consider 

n b/ a (Ú7 hi) , and n b/a (ij/kl) 

numbers of elements in the ensemble S 0]a (kl) and the ensemble S a (kl), re- 
spectively, for which b = (6j,ò^). 

We now introduce following relative freqüències with respect to different 
ensembles: 

- the frequency to get a = (a^, aj) in the ensemble S and 

o (Wkl) _ </^j/kl) _ n h ,Sj/kl) 

- the freqüències to get b = (b i: b'j) in the ensemble S 0ia (kl) and the ensemble 
S a (kl), respectively. These are contextual freqüències - to observe the b = 
(bi,bj) in the contexts So- a (kl) and S a (kl), respectively. 

We remark that v^.iij/kl) are "hidden freqüències". We could find 
them only if it was possible to eliminate the perturbation effect of the a- 
selection. This can be done for classical systems, i.e., physical systems which 
are not sensitive to perturbations corresponding to selections. However, in 
the general case (in particular, for quantum systems) we cannot eliminate 
effects of perturbations. 

We also use freqüències: = , the frequency to get b = (bi,b'j) 

in the original ensemble S. Finally, we consider freqüències 

n ba (ijkl) 



v\> a (ijkl) = 



M 



7 In principle, we could study more general models in that n^(kl) ^ n a (kl) (even ap- 
proximately) . 
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where n^iijkl) is the number of elements in the ensemble S for that 

b = bi, b' = b'j, a = a^, a' = a[. 

We notice that the quàdruple (b, a) = (6, b', a, a') need not be an observable, 
compare to [22]. For example, we could not observe (b, a) if (ò, a) or (b',a') 
are not observable. Thus freqüències u^aiijkl^S) are not observable (they 
are "hidden"). 

Since a, b, a, b are observables, we can use the principle of statistical stabi- 
lization for corresponding freqüències. These freqüències should converge to 
corresponding probabilities (when we repeat preparation and measurement 
procedures many times): 

Pb/a(i/k) = \\m.v b/a (i/k) 
and analogous for b'; and also: 

p a (kl) = lim v a {kl); p h (ij) = \\m.v h (ij). 

Ph/^ij/kl) = lim i/b/a(Ú'A0- 

It should be noticed that in general we can not assume that freqüències 
Vba{ijkl) stabilize! So probabilities P(6 = bi, b' = b'j, a = a^, a! = a[) may be 
not exist at all! In my former probabilistic investigat ions on foundations of 
quantum mechanics [12] there were modeled situations when the absence of 
the simultaneous probability distribution (chaotic fluctuations of correspond- 
ing freqüències) did not contradict to the existence of probability distribution 
(i.e., stabilization of freqüències to some limits) for observable quantities. 

As we have already mentioned, to underline the ensemble dependence we 
will often use symbols 

^b(Ü';S)[= ^b(Ú')], iy a (kl;S)[= v a (kl)] 

^b(ij;S 0;a (kl))[= hi)], ^(ü;5 a (A;Z)))[= u h (ij; hi)] 

and so on. We understood that the reader is already tired by considering 
a large number of various freqüències. This is one of disadvantages of the 
frequency approach (see R. von Mises [23] and my book [12] for detail). 
However, the detailed frequency analysis is the only possible way to provide 
correct understanding of the experimental situation. 
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By using Bayes-framework (see von Mises for corresponding frequency 
considerations [23]) we can represent freqüències for b = {b.^b'-) in the en- 
semble S in the following way 

2 2 
k,l=l k,l=l 

2 

= E *.(*0^/a(v7*0- 

fe,/=l 

However, in general we could not proceed in classical-like way, namely to 
take the limits of all freqüències on both sides of this equality. 

Here the freqüències l· , \ 3 (ij;S),i , a (kl·,S) have limits (since quantities b 
and a are observable), but the freqüències u^iij; S 0]a (kl)) need not. This is 
a consequence of the fact that the freqüències u^^ijkl; S) need not stabilize. 
But even if they stabilize the corresponding probabilities are not observable. 
Therefore such probabilities should be eliminated from considerations. 

On the other hand, we know that the freqüències ^b(Ú; S a (kl)) defmitely 
stabilize. So we can modify the Bayesian framework by using latter freqüèn- 
cies. Taking into account the ensemble dependence, we write: 

2 

u h (ij;S) = E v a (kl;S)v h (ij;S a (kl)) + S(ij;S,S a ), 

k,l=l 

where 

2 

5(ij;S,S a ) = E v a (kl;S)[is h (ij,S ; a (kl)) - v b (ij;S a (M))] 

k,l=l 

is an disturbance term which is induced by the transition from the ensemble 
S to selected ensembles S a (kl). We remark that 5 = 5^ M \ where M is the 
number of partides in the ensemble S. By taking the limit when M — > oo 
we get: 

2 

Pb(Ú') = E Pa(kl)p b / a (ij/kl) + 5 b/a (ij), (5) 

k,l=l 

where 

ó h/a (ij) = hm 5^ M \ (6) 
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Probabilities Pb/a(ij/kl) = liniM-+oo ^(Ú; S a (kl)) can be considered as 
frequency conditional probabilities. However, we prefer to call them contex- 
tual probabilities, see the previous discussion on relative freqüències. 

Remark 2.3. (Bell-Kolmogorov realism) By using Bell's approach to 
realism we would obtain the conventional formula of total probability: 

2 

Ph(ij) = ^2p a (kl)p h / a (ij/kl). (7) 

k,l=l 

It would be the end of the story: we would not be able to proceed and to 
obtain the EPR-Bohm type correlation functions. 

Remark 2.4. (Entanglement) The presence of a nontrivial disturbance 
term 5b/a(Ú) 7^ for composite systems is related to the phenomenon which 
is known in the conventional quantum formalism as entanglement. We can 
say that if 5b/a(Ú') 7^ for a composite system w = (u),u') then the parts 
lü and uj' of such a system are entangled. If 5b/a(ij) = then they are 
disentangled. 

We now formulate the above result - representation - as the math- 
ematical proposition. Let {S^} be a sequence of ensembles such that 
|(S( M )| = M. Let {S&} be a family (depending on the parameter a = 
(afc,aj)) of sequences of ensembles such that a(u) = and a'(u') = a[ for 
any w = (u, u/) G <S a and the equality holds true. In general ensembles 
S a M ^ have no special relation to ensembles S^ AI ^ . The equation (J1J connecting 
numbers of elements in the corresponding ensembles is the unique constraint 
coupling those ensembles. 

Proposition 2.1. Suupose that the marginal (frequency) probabilities 
p a , ...,Pb',p a ,Pb wtth respect to {S^} are well defined 8 and the probabilities 
Pb with respect to {SÍ M ^} are well defined 9 for each value of the param- 
eter a. Then there exists the limít (Q|) of the entanglement terms <5 < - A/ - ) = 
8(ij;S( M \S a ) and the (frequency) probability pb(ij) can be represented in 
the form (0). 

We are looking for a transformation of probabilities which would give the 
possibility for representing the probabilities 

Pbfà) = ?s(b = b u b' = 6J.) 

8 Here, e.g., p*Qel) = lim M ^oo v{a = a k ,a' = a'^S^). 

9 Here Ph(ij/kl) = ^m M -^oo = h, b ' = b'^S^), where a = (a k , a[). 
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by using probabilities Pb/a(ú/^0- We underline that the latter probabilities 
can be found experiment ally. 

We shall study the case, when the probability pb/a can be factorized: 

Pb/ a (ij/kl) = p b /a(i; k)p b '/a'(j; 0- ( 8 ) 

Of course, the reader understand that (jS} is a kind of independence condi- 
tion. We remark that in the frequency framework (see R. von Mises [23]) 
independence is not independence of events, but independence of experiments 
(independence of col·lectives) . The physical meaning of condition (|SJ) is the 
Standard one: independence of choices of settings of measurement devices for 
measurements over parts u and u' of the composite system w = (u;,u/). 

Remark 2.5. (Locality and outcome independence) In principle, by 
analogy with Bell's measure-theoretical probabilistic approach to locality we 
can intèrpret the independence condition (jSJ) as a locality condition. Of 
course, the reader can be unsatisfied by such an approach to locality, since 
space-variables are not at all involved into our considerations. But the same 
critique can be directed against the original Bell's approach to locality: he 
neither considered space-variables, see [24], [25] for detail. In principle we 
can call our model frequency probabilistic local model. On the other 
hand, it seems more natural to speak just about outcome independence (as 
many authors do in the EPR-Bohm framework). 

Under the outcome independence condition (jHJ) we have 

2 

Pb(ij) = ^2 Pa(kl)Pb/a(i/k)pb>/ a '(j/l) + 5 h / a {ij). (9) 
k,l=l 

We now consider one very special case, namely an ensemble S oïanticorrelated 
systems. Here: 

p a (kk) = P(a = a k , a! = a k ) = 0. (10) 

In such cl CclSG the probability to obtain the result (a = ai,a' — a[) or (a = 
a 2 , a! = a' 2 ) is equal to zero (for example, we can consider vàlues ai, a[ = +1 
and a2,a' 2 = —1). In this case the entanglement term 5(ij;S,S a ) contains 
only nondiagonal nontrivial terms: 

S(ij;S,S a ) w i/ a (12;5)Mu;Sb;a(12)) - fb(u;S a (12))] 
+i/a(21;S)Mij;5b;a(21)) - u b (ij;S a (21))}. 
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We renormalize 5b/ a (ij) = liniM_>oo^ (Ú">«S, «S a ) ^ introducing a new en- 
tanglement coeficient 

> / ■ ■ \ <Wü) 

Ab/a(ïjJ = ^^^^^^^^^^^^^^=^^^^^^^^^^^^^^= • 

2 v /p a (12)p a (21)p ft/a (ï/l)Pb/"(V 2 )Pb'/a' (j/l)Pb'/a>(j/2) 

Thus we get the general probabilistic transformation for anti-correlated sys- 
tems (under the outcome independence condition (JHJ) : 

Ph(ij) = p a {l2)p h / a (i/l)p v/a ,(j/2) + p a (21)p b/a (i/2)p b ,/ a/ (j /l) 



+2A b/a (u0y / Pa(12)Pa(21)pVa(Vl)P6/a(V2K7a'(j7lK/ a '(j/2) (H) 

Entanglement coefíicients Àb/ a (Ü) can have various magnitudes (depending 
on perturbation effects induced by the transitions from S to S a (kl)). We 
consider various possibilities: 

1. The case of relatively small statistical perturbations. Let all en- 
tanglement coefíicients |Ab/ a (Ú')| < 1- We can represent these coeficients in 
the form Ab/ a (ú) = cos#b/a(Ú) where #b/a(Ú) £ [0, 27r) are some "phases". 10 
Thus we get the following trígonometric entanglement of probabilíties (com- 
pare to [18], [19] for noncomposite systems): 

Pb(Ú') = p a (12)p b / a (Í/l)pb>/a'(j /%) + P*(2l)Pb/a(Í/2)Pb>/a'(j + 



2cos6 h/a (ij)^p a (l2)p a (2l)p b/a (i/l)p b/a (i/2)p b , /a ,(j /l)p b '/ a >(j /2) (12) 

This is quantum-like case. In the conventional quantum formalism this equa- 
tion can be obtained by using a linear transformation in the tensor product 
of two C-linear spaces H\ and H 2 . 

We now formulate the above result - representation (|T2*|) - as the math- 
ematical theorem: 

10 In our framework "phases" 6>t,/ a (Ú) are purely probabilistic parameters. This is just a 
new representation for the entanglement coefíicients Ab/ a (*.?)• Of course, as it often occurs 
in probability theory, in some cases those probabilistic "phases" could have a geomètric 
meaning. 
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Theorem 1. Let conditíons of propositíon 1, the outcome índependence 
condition (0), and the anticorrelation condition UU\) hold true. If all entan- 
glement coeficients |Ab/ a (Ú')l < 1 then the (frequency) probabilities Pb(ïj) 
can be represented in the form 

By using the frequency probabilistic version of Bell's (measure-theoretical) 
termino logy, see Remark 2.5., we can formulate this result in the following 

way: 

Theorem la. In the local realists (frequency) framework for anticor- 
related systems with entanglement coeficients |Ab/ a (Ú')| < 1 we have the 
reprès entation Klty of the (frequency) probabilities for measurements on the 
parts lo and u' of the composite system w = (u, lo'). 

2. Relatively large statistical perturbations. Let all entangle- 
ment coeficients |Ab/ a (Ú')l > 1- We can represent these coefficients in the 
form Ab/ a (Ú) — i c °sh ^b/a(Ú)j where 0\j/ a (ij) G (0, +oo) are "hyperbolic 
phases". Thus we get the following hyperbolic entanglement of probabilities: 

Pb(ij) = p a (l2)p b/a (i/l)p b , /a ,(j/2) +p a (2l)Pb/a(i/2)Pb>/a'(j/l) 

±2cosh 6 h/a (ij) ^p a {12)p a (21)p b/a (i/l)p b/a (i/2)p b//a/ (j /l)p V / a >(j /2) (13) 

This equation can be induced by a linear transformation in the tensor product 
of two hyperbolic spaces Hi and H 2 [18] (modules over a two dimensional 
Clifford àlgebra). 

3. Mixed behaviour. Let some |Ab/ a (Ú)| < 1 and some |Ab/ a (ú)| > 1. 
Here we get a mixture of trigonometric and hyperbolic entanglements. We do 
not know anything about the possibility to represent such mixed probabilistic 
transformations in linear spaces (or modules). 

3 "Polarization probabilities" 

Let us consider in more detail the case of relatively small perturbation effects, 
namely \b/ a (ij) = cos6 , b/ a («j)· Let us consider an ensemble of anti-correlated 
with respect to the a-observable systems. We make the following simple 
remark: 

Pb/a (l/l) + Pb/a (2/l) = P(6 = h- S a (l)) + P(6 = 6 2 ; S a (l)) = 1, (14) 
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P6/ a (l/2) + P6/a(2/2) = P(6 = 6 i; 5 (2)) + P(6 = 6 2 ; 5 a (2)) = 1. (15) 

Here the probabilities Pb/ a (i/k) = P(& — h] S a (k)) are the probabilities to 
find b = bi for an element tu e S a {k). Condition Q14J) . (fT5j) is well known 
condition of stochasticity of the matrix of transition probabilities P(6/a). 
We remark that this condition is always satisfied automatically. This is the 
conventional condition of additivity of probability of alternatives for one fixed 
context (in the mathematical formalism - one fixed Kolmogorov probability 
space). The same condition we have for b' and a! . Thus we can always set: 

P6/ a (l/l) = cos 2 £i,p fe/a (2/l)(ò/a) = sin 2 ^; 

p 6 /„(l/2) = sin 2 £ 2 ,p b/a (2/2) = cos 2 6 

with some (probabilistic) "phases" £i,£ 2 G [0, 7r/2]; we can also use a similar 
trigonometric representat ion for b' fa! probabilities. 

We study only the symmetric case in our further investigations: 

p a (12)=p a (21) = l/2, (16) 

so P(a = ai, a! — a' 2 ; S) = P(a = a 2 , a! = a[) = 1/2. 
In the symmetric case we have, for example, that 

Pb(ll) = ^[p 6/a (l/l)py /o ,(l/2) + Vb/a {lf2)p v/a ,{lfl)\ 
+2 cos U ^ /fl (l/l) ftv ,(l/2)p Va (l/2) ft7a ,(l/l). 

Thus: 

Pb ( 1 1 ) = - [cos 2 £1 sin 2 £ 2 + sin 2 £ 2 cos 2 Q 

+ cos^n cos£i cos£í sin£ 2 sin£ 2 . (17) 

This is the general expression for the trigonometric transformation of prob- 
abilities when the matrixes P(b/a) = (Pb/aii/ j)), P(b'/a') = (p b i / a >{y 'j)) are 
stochastic. 

We now consider more special case: matrixes P(6/a) and P(b'/a') are 
double stochastic. 11 

n We remark that matrices in the EPR-Bohm experiment are double stochastic. 
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Here, not only p b / a (l/j) + Pb/ a (Vj) = 1,3 = 1,2, but also p h/a {i/l) + 
Pb/ a («/2) = 1, i = 1, 2. Thus we can set a = £i = £ 2 an d /? = £í = £ 2 . 
We get: 

Pb(H) — -(cos 2 a sin 2 /3 + sin 2 at cos 2 /3) + cos 9x% cos a cos /3 sin a sin j3 
2 

= -(cosa sin j3 — sin a cos f3) 2 + (1 + cos#n) cos a cos (3 sin a sin (3 

= - sin 2 (a — (3) + (1 + cos #n) cosa cos /3 sin a sin /3. 
In the same way we get that, for example, 

Pb(12) = ^b Va (l/lK /flI (2/2)+ ft/a (l/2K /a ,(2/l)] 

+2 cos 12 yjp bla {l/l)p v , a ,{2/2)p h , a {l/2)p v / a ,{2/l) . 
Thus, for stochastic matrixes Pb/a an d Pyw, we get: 

p b (12) = ^(cos 2 ^ cos 2 e 2 + sin 2 Gsin 2 eí) 

+ cos6 l 1 2 cos£i cos ^ 2 sin ^ 2 sin£í (18) 
For double stochastic matrices Pb/a and Py/ a >, we get: 

Pb(12) = - (cos 2 a cos 2 (3 + sin 2 a sin 2 0) + cos #12 cos a cos /3 sin a sin (3 (19) 
= -(cos a cos /3 — sin a sin /3) 2 — (1 — cos6 l i2) cosa cos /3 sin a sin /3, 



We can formulate this result as the mathematical proposition: 

Proposition 3.1. Let conditions of theorem 1 hold true, probabilitíes 
are symmetric, Mb\) . and the matrices of transition probabilitíes are dou- 
ble stochastic. Then we have the representations KTty of the (frequency) 

probabilitíes Pb(ij)- 

Suppose now that in experiments under consideration perturbation effects 
are such that 

cos #11 = —1 and cos #12 = 1. 
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Here all entanglement coeficients Ab/ a (Ü) have their maximal magnitudes: 

|Ab/a(Ü)l = l- (20) 

Thus perturbations of probability distributions are very strong - as strong as 
possible in the case of trigonometric probabilistic behaviour. In such cl CclSG 
we get, for 7 = 2a and 7' = 2/3, 

p h (ii) = P(ò = b u b' = b\- S) = \ sin 2 (21) 

p h (ij) = P(6 = b i: b' = b f ,S) = ^ cos 2 1^1, i ± j. (22) 
Finally, we formulate the following theorem: 

Theorem 3.1. Let conditions of proposition 3.1 hold true and let all 
entanglement coefficients have the maximal magnitude, |Ab/ a (Ü')| — 1- Then 
the (frequency) probabilities p\>(ij) can be represented in theform, \21)) . i223\). 
of the EPR-Bohm probabilities. 

By using the frequency probabilistic version of Bell's (measure-theoretical) 
terminology, see Remark 2.5., we can formulate this result in the following 

way: 

Theorem 3.1a. In the local realists (frequency) probabilistic frame- 
workfor anticorrelated systems with symmetric probability distributions, dou- 
ble stochastic matrices of transition probabilities, and entanglement terms 
|Àb/ a (ú)| = 1, the (frequency) probabilities for measurements on the parts u 
and uj' of the composite system w = (ui, u') can be represented in the form of 
the EPR-Bohm probabilities. 

Thus we have obtained probabilities corresponding to experiments of the 
EPR-Bohm type on polarization measurements for correlated pairs of pho- 
tons or spin measurements for electrons. To be closer to such experimental 
situation, we can also assume, that a, a', b, b' = ±1. 

The condition of anti-correlation for the observable a in this case is the 
following one: 

P(a = +1, a = +1; S) = P(a = -1, a' = -1; S) = 0. 

Thus we have 

a(uj)a\uj') = -1 
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for almost all pairs w = (u, to') G S. This is precisely the situation that we 
have in the EPR-Bohm experiments. 

We now fix the direction x and choose the a = (o, a') measurement as the 
measurement of projections of spins of correlated partides on the same axis 
x. Here 

P(a = +1, a! = +1) = P(a = -1, a! = -1) = 0, 
P(a = +1, a! = -1) = P(a = -1, a' = +1) = -. 

We now choose in our general scheme b = M 7 and b' = My, where 
M 7 ,My are spin projections to directions having angles 7,7', with the x- 
direction. In this case our general result ()21|) . (J2*2|) gives correct quantum 
mechanical probabilities P(M 7 = ±1, M' , = ±1). 

An important consequence of our derivation is that EPR-Bohm proba- 
bilities might be in principle obtained in experiments with (classical) macro- 
scopic systems. We cannot present the concrete experimental framework. 
But in the contextual (frequency) model there are no "NO-GO" theorems 
which would imply the impossibility of obtaining probabilities of the EPR- 
Bohm form in experiments with classical systems. 

We note that phases b / a (ú) are 110 1 independent. We have in the case 
of general stochastic transition matrixes: 

1 =p b (ll)+p b (22)+p b (12)+p b (21) 

/ 2 c • 2 cl 1 -2c 2 cl t 2 c • 2 cl 

= -(cos çi sm 4 2 + sm 42 cos £1 + cos £2 sm ç x 

1 • 2 /- 2 /-i 1 2 /- 2 1-1 1 • 2 /- • 2 /-i 1 2 /- 2 /-i 1 • 2 /- • 2 /-i \ 
+ sm Çicos £ 2 + cos £1 cos Ç2 + sm s2 sm 4i + cos «cos Çj + sm çi sin Ç 2 J 

+ cos é'n cos£i cos£í sin£ 2 sin £ 2 + . . . + cos 6*21 cos £2 cos£í sin£i sin£ 2 

Thus we get 

cos ó'n cos £1 cos £í sin £ 2 sin £ 2 + . . . + + cos 02i cos £2 cos £ 2 sin £1 sin £ 2 = 0. 
In the case of double stochastic transition matrixes, we get: 

cos a sin a cos (3 sin /9(cos On + cos #22 + cos i2 + cos 2 i) = 0. 
If a,ft 7^ A: = 1,2,..., then we get 

COS ó'n + COS 6*12 + COS #22 + COS #21 = 0. 

We recali that phases in the derivation of "polarization probabilities" 
were the following ones: 

COS On = —1, COS 012 = 1, COS 022 = —1, COS 021 = 1. 
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4 Contextuality, incompatibility, nonexistence 
of the simultaneous probability distribution 

Of course, our general statistical description of measurements over compos- 
ite systems does not provide a description of physical processes that could 
induce such probabilistic phases. However, we demonstrated that only by 
taking into account incompatibility of some physical observables for com- 
posite systems we can derive probabilities having the EPR-Bohm form in the 
local realist (frequency) framework, compare to [22] . We remark that in our 
probabilistic framework incompatibility of physical observables is equivalent 
to contextuality of probabilities, i.e., statistically nontrivial dependence 
of probabilities on complexes of experimental physical conditions. 

We have seen that to get the EPR-Bohm probabilities the coeficients 
of entanglement (which give the measure of disturbance of probability dis- 
tributions by measurements) should be of the maximal magnitude. 12 Here 
the crucial role is played by incompatibility of observables a = (a, a!) and 
b = (b, b') on composite systems. By measuring of a (on a composite sys- 
tem) we disturb very strongly the probability distribution of b. We emphasize 
again that we do not speak about the influence of a measurement on one part 
of a composite system onto another part of this system. There is discussed 
disturbance of a composite system. 

For example, if we perform the measurements of the polarization in the 
x-direction on both photons (in a EPR-Bohm pair), then by this act the 
probability distribution of polarizations in other directions would be changes 
very strongly. In fact, as was remarked, we need the coefficient of statis- 
tical entanglement of the maximal magnitude. Finally, we remark that in 
our approach the coefficient of entanglement has merely the meaning of the 
coefficient of interference between incompatible observables. 

The Bell theorem telis us that incompatible observables with so strong 
statistical disturbances cannot be realized on a space with a single probability 
measure. However, in the frequency probabilistic approach there are no 
reasons for the existence of such a measure for incompatible observables. 13 



12 It would be interesting to investigate the relation between the magnitude of our fre- 
quency coefficient of entanglement and violation of Bell's inequality. 

13 May be our frequency probabilistic investigation can clarify the well known results of 
A. Fine and P. Rastal [26]. 
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Conclusion: In fact, in this paper I did with Bell's approach more or 
less the same thing as J. Bell díd with approaches of von Neumann, Ko- 
hen and Specker, . . . Both J. Bell and I speak about mathematical models of 
local realism. As J. Bell underlined there can be proposed various mathe- 
matical models of realism (and local realism). In particular, J. Bell denied 
approaches of von Neumann and Kohen and Specker and presented his own 
mathematical model. Many things which were impossible in previous mathe- 
matical models became possible in Bell's model. I use a mathematical model 
of realism which is essentially "weaker" than Bell's model, see Remark 2.1. 
Therefore some things which were forbidden in Bell's model are possible in 
my model. In particular, we can obtain the EPR-Bohm probabilities in spite 
of Bell's theorem. 

I would like to thank L. Ballentine, S. Gudder, W. De Muynck, A. Holevo, 
K. Gustafsson, I. Volovich for fruitful (and rather critical) discussions. 
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